We investigate the cosmological applications of scalar-tensor theories that arise effectively from the Lorentz fiber bundle of a Finsler-like geometry. We first show that the involved nonlinear connection induces a new scalar degree of freedom and eventually a scalar-tensor theory. Using both a holonomic and a non-holonomic basis, we show the appearance of an effective dark energy sector, which additionally acquires an explicit interaction with the matter sector, arising purely from the internal structure of the theory. Applying the theory at late times we find that we can obtain the thermal history of the universe, namely the sequence of matter and radiation epochs, and moreover the effective dark-energy equation-of-state parameter can be quintessence-like, phantom-like, or experience the phantom-divide crossing during cosmological evolution. Furthermore, applying the scenario at early times we see that one can acquire an exponential de Sitter solution, as well as obtain an inflationary realization with the desired scale-factor evolution. These features arise purely from the intrinsic geometrical structure of Finsler-like geometry, and reveal the capabilities of the construction.
I. INTRODUCTION
According to an increasing amount of data the universe experienced two phases of accelerating expansion, one at early and one at late cosmological times. Such a behavior may imply a form of extension of our current knowledge, in order to introduce the necessary extra degrees of freedom that would be needed for its successful explanation. In principle there are two main ways one could follow. The first is to assume that general relativity is correct however the matter content of the universe should be modified through the introduction of the inflaton [1] and/or dark energy fields [2, 3] . The second way is to consider that the gravitational theory is not general relativity but a more fundamental theory, possessing the former as a particular limit, but which in general can provide the extra degrees of freedom needed for a successful cosmological description [4, 5] ).
In order to construct gravitational modifications one starts from the Einstein-Hilbert Lagrangian of general relativity and includes extra terms, such as in f (R) gravity [6, 7] and Lovelock gravity [8, 9] , or even he can use torsion such as in f (T ) gravity [10] and in f (T, T G ) gravity [11] . Alternatively, one may consider the general class of scalar-tensor theories, which include one extra scalar degree of freedom with general couplings with curvature * Electronic address: msaridak@phys.uoa.gr † Electronic address: pstavrin@math.uoa.gr ‡ Electronic address: alktrian@phys.uoa.gr terms. One general family of scalar-tensor theories is the Horndeski construction [12] , re-discovered in the framework of generalized galileons [13, 14] .
One interesting class of modified gravity theories may arise through the more radical modification of the underlying geometry itself, namely considering Finsler and Finsler-like geometries [15] [16] [17] [18] [19] [20] [21] . These geometries extend in a natural way the Riemannian one, by allowing the physical quantities to have a dependence on the observer 4-velocity, which in turn reflects the Lorentz-violating character of the kinematics [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . Furthermore, since Finsler and Finsler-like geometries are strongly related to the effective geometry within anisotropic media [34] , entering naturally the analogue gravity approach [35] , they may play an important role in quantum gravity considerations. In such a geometrical setup, the dependence of the metric and other quantities on both the position coordinates of the base-manifold as well as on the directional/velocity variables of the tangent space or scalar/spinor variables, makes the tangent bundle, or a fiber bundle of a smooth manifold, the natural geometrical framework for their description. Finally, the Riemannian case is reproduced from Finsler geometry if the velocity-dependence is set to zero.
If one applies the above into a cosmological framework he obtains Finsler and Finsler-like cosmologies. The basic feature of these is the appearance of extra terms in the Friedmann equations due to the intrinsic geometrical spacetime anisotropy of Finsler and Finsler-like geometries [19] [20] [21] [22] [36] [37] [38] (note that the term "spacetime anisotropy" in this framework is related to the Lorentz violation features of the geometry and should not be con-fused with the spatial anisotropy that can exist in Riemannian geometry too, e.g. in Bianchi cases). In specific subclasses of the theory, one can show that these novel features are quantified by effective degrees of freedom that behave as scalars under coordinate transformations. Hence, one can result with an effective scalar-tensor theory arising from a Lorentz fiber bundle. The research of the Finslerian scalar-tensor theory of gravitation started in [36, 37] and later in [38] , giving an extension of Riemannian ansatz of the scalar-tensor theory of gravitation.
In the present work we are interested in investigating the cosmological applications of the scalar-tensor theory that arises from a Lorentz fiber bundle. As we will see, the construction of a Lorentz fiber bundle can provide us an alternative approach of the cosmological dynamics of scalar-tensor gravitational theory. In this framework one obtains extra terms in the Friedmann equations that can lead to interesting cosmological results.
The plan of the work is the following: In Section II we present the geometrical background of our construction, namely referring to the Lorentz fiber bundle structure, the role of the connection and the geodesics. In Section III we introduce the actions of the theory and we show how a scalar-tensor theory can effectively appear from the structure of a fiber bundle. Then in Section IV we investigate in detail the cosmological applications of the constructed theories, both at late and early times. Finally, we summarize the obtained results in Section V.
II. GEOMETRICAL BACKGROUND
In this section we briefly review the basic features of Finsler geometry.
A. Basic structure of the Lorentz fiber bundle
Let us present the geometrical framework under consideration (a detailed investigation can be found in [36, 37] ). By considering a vector bundle, the Finslerian gravitational field can be regarded as the unified field over the total space of the vector bundle, whose base manifold is the (x)-field and the fiber at each point x is the (y)-field.
We consider a 6-dimensional Lorentz fiber bundle E over a 4-dimensional pseudo-Riemannian spacetime manifold M , which locally trivializes to the form M ×{φ (1) }× {φ (2) }. The local coordinates on this structure are (x ν , φ (β) ) with x µ the coordinates on the base manifold, where κ, λ, µ, ν take the values from 0 to 3, and φ (β) the coordinates on the fiber where α, β, γ take the values 1 and 2. A coordinate transformation on the fiber bundle maps the old coordinates to the new as: 
). The nonlinear connection plays a fundamental role in the theory of Lorentz tangent bundle and vector bundles [20] [21] [22] . It is a geometrical structure that connects the externalx (horizontal) spacetime with the internal-y (vertical) space. This nonlinear connection induces a unique split of the total space T E into a horizontal distribution HE and a vertical distribution V E, with
The adapted basis to this split is
with ∂ µ = ∂ ∂x µ and ∂ (α) = ∂ ∂φ (α) . The vectors δ µ span the horizontal distribution, while ∂ (α) span the vertical distribution. Furthermore, the dual basis is 
where a summation is implied over the possible values of α. From these we finally acquire the transformation of the nonlinear connection components as
B. Metric tensor and linear connection
The metric structure of the space is defined as
where g µν has a Lorentzian signature (−, +, +, +). As we can see the fiber variables φ (α) play the role of internal variables y. The metric components for the fiber coordinates are set as v (0)(0) = v (1)(1) = φ(x µ ) and v (0)(1) = v (1)(0) = 0. The inverse metric components are defined by the relations
Additionally, the transformation rules for the metric are calculated as
Note that the last relation implies that the metric components on the fiber are scalar functions of x µ , since under a coordinate transformation we acquire
. Hence, as we mentioned in the Introduction, the internal structure of the Lorentz fiber bundle induces scalar degrees of freedom. This feature lies in the center of the analysis of this work.
One can define a linear connection D in this space, where the following rules hold:
Differentiation of the inner product D XK < X M , X N >= 0 and use of (12), (13) leads to the rules:
It is apparent from the above relations that D δν preserves the horizontal and vertical distributions, while D ∂ (β) maps one to the other. Following the above rules, covariant differentiation of a vector
where we have defined
Similarly, for the covariant differentiation of V along a vertical direction we obtain
Finally, the covariant derivative for a tensor of general rank is obtained in a similar way. The nonzero components for a metric-compatible con
with
are Kronecker symbols. Now, the curvature tensor of a linear connection is defined as the vector-valued map
where V, Y, Z are vector fields on E. Its local components in the adapted basis are defined as
The generalized Ricci tensor is then defined asR
and the corresponding scalar curvature isR = g Lastly, the scalar curvatureR = g
is theñ
with R = g µν R µν . From the above it becomes clear that the internal properties of the Lorentz fiber bundle eventually induce a scalar-tensor structure. This is the central feature of our work, and it will be later investigated in a cosmological framework.
C. Geodesics
A tangent vector to a curve γ(τ ) is written as:
Geodesics are the curves with an autoparallel tangent vector, namely
This relation leads to the following geodesic equations:
Relation (36) is identical with the geodesics equation of general relativity. The new equation of Finsler-like geometry is (37) , which relates the fiber velocityφ (α) with the velocity on spacetimeẋ µ via the nonlinear connection N (α) µ .
III. SCALAR TENSOR THEORIES FROM THE LORENTZ FIBER BUNDLE
Having presented the foundations and the underlying structure of this form of Finsler-like geometry, in this section we proceed by constructed physical theories. In particular, we can write an action as
where (2) . Following [21] we will consider two cases of Lagrangian densities:
1. A Lagrangian density of the form
where V (φ) is a potential for the scalar φ, and
is the curvature for the specific case of a holonomic basis [X M , X N ] = 0, in order for the last term in (33) to vanish.
A Lagrangian density of the form
on a non-holonomic basis, where the noninear connection components are considered as functions of φ, ∂ µ φ and g µν .
Additionally, and in order to eventually investigate cosmological applications, we add the matter sector too, considering the total action
(42) Since for the determinants det G and det g we have the relation det G = φ 2 det g, the above total action can be re-written as
(43) Finally, the same relation holds for the second case, namely for the action of L G .
For the first case we insert the Lagrangian density (39) into the action (43) and we vary with respect to g µν and φ. For δS = 0 we extract the equations:
where G is the gravitational constant,
Rg µν is the Einstein tensor, and
δg µν is the energy-momentum tensor. Additionally, the scalar-field equation of motion reads as
where a prime denotes differentiation with respect to φ.
For the second case we use the Lagrangian density (41), i.e. the full scalar curvature (33) 
and
Hence, in order to proceed we need to consider a specific form of N λ . We choose the following general form:
where A(φ) is a real function of φ. Taking into account relations (47) and (49) we acquire the new form of the nonlinear connection components, namely N
. Thus, substitution into equations (46) and (48) gives:
IV. COSMOLOGY
In the previous section we constructed the physical theories, namely the actions, on the framework of Finsler geometry, considering the cases of holonomic (Lagrangian (39)) and non-holonomic (Lagrangian (41)) basis separately, and we extracted the field equations. In order to apply them in a cosmological framework we consider a homogeneous and isotropic spacetime with the bundle metric
The first line of (52) is the standard spatially flat Friedmann-Robertson-Walker (FRW) metric, while the second line arises from the additional structure of the Lorentz fiber bundle. Moreover, we consider the energymomentum tensor of the matter perfect fluid:
with ρ m the energy density, P m the pressure and u µ the bulk 4-velocity of the fluid. As usual, the first line of (52) defines the comoving frame on this spacetime and u µ is at rest with respect to it. Finally, note that relation (53) can be derived from a Lagrangian density L M = ρ m , and thus we will use this when the matter Lagrangian appears in the field equations.
A. First case: holonomic basis
For the spacetime (52), and with the perfect fluid (53), the field equations (44) and (45) of the holonomic case give:
where H =ȧ/a is the Hubble parameter and a dot denotes differentiation with respect to coordinate time t. In the following we investigate these equations in late and early times separately.
Late-time cosmology
Observing the forms of the Friedmann equations (54),(55), we deduce that we can write them in the usual form
defining the effective dark energy density and pressure respectively as
and thus the corresponding equation-of-state parameter will be
Hence, as we mentioned in the introduction, in the present scenario of holonomic basis, we obtain an effective dark energy sector that arises from the intrinsic properties of the Finsler-like geometry, and in particular from the scalar-tensor theory of the Lorentz fiber bundle. Inserting the definitions of ρ DE and P DE into the scalar field equation of motion (56), and using the Friedmann equations (54),(55), we find thaṫ
Interestingly enough we find that the scenario at hand induces an interaction between the matter and dark energy sector, again as a result of the intrinsic geometrical structure (this was already clear by the presence of ρ m in the right-hand-side of (56)), with the total energy density being conserved as expected from the conservation of the total energy-momentum tensor. Hence, although the geometrical scalar-tensor terms that appear in the Friedmann equations (54),(55) may be obtained from other theories too, such as the Horndeski theory [12] or the theory of generalized galileons [13, 14] , the interaction term is something that does not fundamentally exist in these theories. In summary, the scenario at hand does not fall into the Horndeski class, and thus it is interesting to examine its cosmological implications. We mention here that in literature of interacting cosmology, in general the interaction terms are imposed by hand, namely one breaks by hand the total conservation
with Q the phenomenological descriptor of the interaction that is then chosen arbitrarily [39] [40] [41] [42] [43] [44] [45] . However, in the present scenario of scalar-tensor theory from the fiber bundle with a holonomic basis, we see that such an interaction term, and in particular Q = − 2φ φ ρ m , arises naturally from the Finsler-like structure of the geometry. Such a property opens new directions to look at the appearance of the interaction terms, especially under the light of its significance to alleviate the H 0 tension [46, 47] , and it is one of the main results of the present work.
Let us now investigate the cosmological behavior that is induced from the scenario at hand. We elaborate the Friedmann equations (54),(55) numerically, using as usual as independent variable the redshift z, defined through 1 + z = 1/a (we set the present scale factor to a 0 = 1). We use various potential forms, such as linear, quadratic, quartic, and exponential. Moreover, we choose the initial conditions in order to obtain Ω DE (z = 0) ≡ Ω DE0 ≈ 0.69 and Ω m (z = 0) ≡ Ω m0 ≈ 0.31 in agreement with observations [48] . Furthermore, for the matter sector we choose w m ≡ P m /ρ m = 0, namely the standard pressureless dust matter.
In Fig. 1 we present Ω DE (z) and Ω m (z) for the case of quadratic potential V (φ) = αφ 2 , with α = 0.5. As we can see, we can obtain the usual thermal history of the universe, i.e. the sequence of matter and dark energy epochs, in agreement with observations, although we have not considered an explicit cosmological constant. Furthermore, in order to examine the effect of the potential forms on w DE , in Fig. 2 we depict the evolution of w DE (z) for various potential choices, namely for linear V (φ) = αφ, quadratic V (φ) = αφ 2 , quartic V (φ) = αφ 4 and exponential V (φ) = V 0 e λφ . We observe a rich behavior in the evolution of w DE (z), which may lie in the quintessence or phantom regime, or experience the phantom-divide crossing. These properties are not easily obtained in theories with scalar degrees of freedom, and reveal the capabilities of the scenario.
Inflation
We close this subsection by discussing the application of the scenario at hand in the case of early times, namely examining the inflationary realization. In this case the matter sector can be neglected. As one can easily see, the equations accept the de Sitter solution a(t) = a init e H0t , which is the basis of any inflationary scenario. In particular, choosing the linear potential 
with φ 0 an integration constant, if we choose α = 20H 2 0 . Note that the above de Sitter solution is obtained without considering an explicit cosmological constant.
Going into a more realistic inflationary realization, with a successful exit after a desired e-folding, and the desired scalar spectral index and tensor-to-scalar ratio, we can follow the method applied in [21] and reconstruct the potential V (φ) that produces any given form of H(t). In particular, imposing the desired inflationary H(t), Eq. (55) becomes a simple differential equation whose solution provides φ(t). Inserting this φ(t) into (54) gives V (t) as
Note that in the absence of matter, Eq. (56) is not independent from (54),(55) and thus solution of the latter two ensures that (56) is satisfied too. Hence, knowing both φ(t) and V (t) we can eliminate time and reconstruct explicitly the potential V (φ). Therefore, this potential is the one that generates the initially given inflationary H(t). The capability of accepting inflationary solutions is an additional advantage of the scenario of Lorentz fiber-bundle induced scalar-tensor theory with holonomic basis.
B. Second case: Nonholonomic basis
For the spacetime (52), and with the perfect fluid (53), the field equations (50) and (51) give:
Hφ−φ ,(67)
where a dot denotes a derivative with respect to t and a prime denotes a derivative with respect to φ.
Late-time cosmology
Similarly to the holonomic case of the previous subsection, we can re-write the Friedmann equations (66),(67) in the standard form (57),(58), introducing an effective dark energy sector with energy density and pressure respectively as
and thus the corresponding equation-of-state parameter is w DE ≡ P DE /ρ DE . Thus, in the present scenario of nonholonomic basis, we also obtain an effective dark energy sector that arises from the scalar-tensor theory of the Lorentz fiber bundle. Inserting the above ρ DE and P DE into the scalar field equation of motion (68), and using the Friedmann equations (66),(67), we find thaṫ
Similarly to the holonomic case, in the present nonholonomic scenario the intrinsic geometrical structure induces an interaction between the matter and dark energy sector, while the total energy density is conserved. Therefore, the scenario at hand cannot be naturally obtained from Horndeski or generalized galileons theories. We mention that although the above interaction term coincides with that of the holonomic case, namely Q = − 2φ φ ρ m , and despite the similarities of the Friedmann equations of the two cases, there is not a relation between V (φ) of the holonomic case and A(φ) of the nonholonomic case that could transform one case to the other. Hence, the two scenarios correspond to distinct classes of modified theories.
In order to investigate the cosmological evolution in this scenario one could perform a full numerical elaboration similar to the previous subsection, resulting to figures similar to Figs. 1 and 2 . However, one can also extract approximate analytical solutions that hold at late times, namely in the dark energy epoch. In particular, as it is well known, a very general and important solution for the scale factor evolution is the power-law one, namely
in which case the Hubble function becomes
As an example we choose a linear form for A(φ), i.e. A(φ) = αφ + β. In this case one can extract the approximate solutions of Eqs. (66), (67) and (68) as
These lead to
and thus the asymptotic value of w DE (t) is
Hence, we can easily see that the universe at late times exhibits the correct thermal history, with the sequence of matter and dark energy epochs and the onset of late-time acceleration. Additionally, the dark-energy equation-ofstate parameter may be quintessence-like, phantom-like, or experience the phantom-divide crossing during the evolution. Finally, w DE acquires an asymptotic value which can lie in the quintessence regime, in the phantom regime, or being exactly equal to the cosmological constant value −1 (by choosing β = (7n + 2)/(3n − 2)). We stress that the above behavior is obtained without considering an explicit cosmological constant, namely it arises solely form the fiber bundle structure of Finslerlike geometry, and this is an additional advantage that reveals the capabilities of the scenario.
Inflation
We close this subsection by discussing the application of the scenario at hand in inflationary realization. Neglecting the matter sector, we focus on the existence of the de Sitter solution a(t) = a init e H0t . Indeed, choosing A(φ) = α then (66),(67),(68) accept the solution
with φ 0 an integration constant, if we choose λ = −3H 0 , α = 5/3 or λ = −2H 0 , α = 2, in units where 8πG = 1.
Similarly to the holonomic case, we mention that the above de Sitter solution is obtained without considering an explicit cosmological constant. Finally, we close this analysis by describing the possibility to obtain any desired inflationary H(t) by suitably choosing the function A(φ). In particular, eliminating A from (66),(67) gives the simple differential equation
which under the imposed H(t) provides the solution for φ(t). This φ(t) can be substituted back in (66) and provide A(t) as
Thus, knowing both φ(t) and A(t) we can reconstruct the A(φ) form that produces the initially given inflationary H(t).
V. CONCLUSIONS
In the present work we investigated the cosmological applications of scalar-tensor theories that arise effectively from the Lorentz fiber bundle of a Finsler-like geometry. The latter is a natural extension of Riemannian one in the case where the physical quantities may depend on a set of internal variables, too. Hence, in a general application of such a construction to a cosmological framework, one obtains extra terms in the Friedmann equations that can lead to interesting phenomenology.
We started by a Lorentz fiber bundle structure, where M × {φ
(1) } × {φ (2) } represents a pseudo-Remannian spacetime with two fibers φ (1) and φ (2) . The nonlinear connection under consideration induces a new degree of freedom that behaves as a scalar under coordinate transformations. Hence, the rich structure of Finsler-like geometry can induce an effective scalar-tensor theory from the Lorentz fiber bundle.
In the case where a holonomic basis is used, the effective scalar-tensor theory leads to the appearance of an effective dark energy sector of geometrical origin in the Friedmann equations. However, the interesting novel feature is that we acquired an interaction between the matter and dark energy sectors, arising purely from the internal structure of the theory and not imposed by hand. Hence, the theory under consideration cannot be naturally obtained from Horndeski or generalized galileons theories. Applying it at late times we found that we can obtain the thermal history of the universe, namely the sequence of matter and radiation epochs, in agreement with observations. Additionally, we showed that the effective dark-energy equation-of-state parameter can be quintessence-like, phantom-like, or experience the phantom-divide crossing during cosmological evolution. These features were obtained although we had not considered an explicit cosmological constant, namely they arise purely from the intrinsic geometrical structure of Finsler-like geometry, which is a significant advantage. Finally, applying the scenario at early times we showed that one can acquire an exponential de Sitter solution, as well as obtain an inflationary realization with the desired scale-factor evolutions, and thus with the desired inflationary observables such as the spectral-index and the tensor-to-scalar ratio.
In the case of a non-holonomic basis we also obtained an effective dark energy sector, which moreover exhibits an explicit interaction with the matter sector. Concerning late times, we extracted approximate analytical solutions in which the scale factor has a power-law evolution. These solutions show the sequence of matter and dark energy epochs, in agreement with observations, and furthermore the corresponding dark-energy equation-ofstate parameter can lie in the quintessence or phantom regime, or experience the phantom-divide crossing during the evolution, or even obtain asymptotically exactly the cosmological constant value. Finally, at early times the scenario at hand can also accept de Sitter solutions, as well as a successful inflationary realization with the desired spectral-index and the tensor-to-scalar ratio.
In summary, the rich structure of Finsler-like geometry can lead to interesting cosmological phenomenology at both early and late times. There are many interesting investigations that should be performed along these lines. In particular one should use observational data from Type Ia Supernovae (SNIa), Baryon Acoustic Oscillations (BAO), Cosmic Microwave Background (CMB) shift parameter, and direct Hubble constant observations, in order to extract constraints on the involved forms and parameters. Additionally, one could perform a detailed dynamical analysis in order to reveal the global behavior of the theory with Finsler-like cosmology. Finally, going beyond the cosmological framework, one could look for black hole solutions in these theories. These necessary studies lie beyond the scope of this work and are left for future projects.
